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Abstract
In the Born-Infeld ’harmonic gauge’ description of M-branes mov-
ing in RM+1 the underlying M + 2 dimensional Poincare´ - invariance
gives rise to an interesting system of conservation laws showing signs
of integrability.
Varying
S[z] = −
∫
dMxdt
√
1− z˙2 + (~∇z)2 (1)
yields the quasi-linear PDE
(1− zαzα)z + zαzβzαβ = 0 (2)
for z(t, ~x), with zα := ηαβzβ = η
αβ ∂z
∂xβ
, (α, β = 0, 1, . . . ,M), ηαβ = diag(1,−1, . . . ,−1),
zαβ =
∂2z
∂xα∂xβ
, z = ηαβzαβ .
At first sight, (2) appears to be a scalar field equation in M + 1 - dimen-
sional Minkowski space, but M +2 additional conservation laws follow when
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realizing that z is most naturally interpreted as a (for notational convenience,
the last) component of a (M + 2) - vector
xµ =

 t~x
z(t, ~x)

 (3)
in R1,M+1 (cp. e.g. [1]). The corresponding world-volume M, described by
(3)/(2), can easily be shown to have vanishing mean curvature. The M + 2-
dimensional Poincare´ - symmetry (non-linearly realized, as xM+1 = z(t, ~x))
is expressed by
∂αHαµ = 0 (µ = 0, 1, . . . ,M + 1) (4)
∂α(x
µHνα − xνHµα) = 0 (5)
Hαβ := z
αzβ√
1− zγzγ
+ ηαβ
√
1− zγzγ (6)
Hα,M+1 := z
α√
1− zγzγ
= HM+1,α (7)
(generalising to arbitrary co-dimension is straightforward).
Note in particular that
zαHαβ = Hα,M+1 (8)
Let me make a few comments how one may be able to use (4) and (5).
First of all note the monotonicity of∫
xµH00 = Cµ + tP µ (9)
(Cµ and P µ =
∫ Hµ0 being constants, depending only on the initial condi-
tions); and the explicit (polynomial; here linear) appearance of t.
Secondly, one could hope that the conservation laws, in particular the
µ 6= M + 1 part of (4) (containing neither xα nor z!), thought of as a first-
order system linear in the derivatives of the M + 1-vector
zα =
(
z˙
−~∇z
)
, (10)
resp. uα = z
α√
1−zγzγ
, resp. Hα0 (or other suitably chosen coordinates; e.g. in
order to apply the method of characteristics) are integrable.
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